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1. Introduction
A homogeneous manifold M is a differentiable manifold on which a real Lie group G acts transitively. In the case where
M is a complex manifold, we usually assume that the group action is holomorphic, and M is called a homogeneous complex
manifold (cf. [11]). A homogeneous complex structure on a Lie group G (considered as a homogeneous manifold) is nothing
but a left-invariant complex structure on G; and it is a complex Lie group if and only if it is both left and right-invariant.
There are already extensive studies on left-invariant complex structures on Lie groups [7–9]: for instance, the classiﬁcation of
all homogeneous complex surfaces is known, which includes all two-dimensional compact homogeneous complex manifolds
and all left-invariant complex structures on four-dimensional simply connected Lie groups [7]. Any left-invariant complex
structure on a Lie group G deﬁnes a canonical complex structure on its quotient M = Γ \G , where Γ is a discrete subgroup
of G . We call such a complex structure a left-invariant complex structure on M . Remark that unless the canonical right action
of G on M is holomorphic, M may not be a homogeneous complex manifold.
In this paper we call a compact homogeneous manifold of solvable (nilpotent) Lie group a solvmanifold (nilmanifold); and
a homogeneous complex solvmanifold (nilmanifold) a complex solvmanifold (complex nilmanifold). In our previous paper [3],
we showed that all the complex structures on a four-dimensional solvmanifold M are left-invariant: that is, expressing M
as Γ \G (up to ﬁnite covering), where G is a four-dimensional simply connected solvable Lie group and Γ is a lattice of G ,
they are all induced from some left-invariant complex structures on G . To be more precise, we showed:
Theorem 1. (See [3].) A complex surface is diffeomorphic to a four-dimensional solvmanifold if and only if it is one of the following
surfaces: Complex torus, Hyperelliptic surface, Inoue surface of type S0 , Primary Kodaira surface, Secondary Kodaira surface, Inoue
E-mail address: hasegawa@ed.niigata-u.ac.jp.0926-2245/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
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invariant.
A natural question then arises whether the last assertion in the theorem also holds for higher dimension. We will show
in Section 5 that there exists an example of a six-dimensional solvmanifold which admits a continuous family of non-
left-invariant complex structures (see Theorem 4). In fact, in the paper [6] Nakamura constructed small deformations of a
three-dimensional complex solvmanifold Γ \G , where G is a complex solvable Lie group of dimension 3 and Γ is a lattice
(uniform discrete subgroup) of G; and showed in particular that there exists a continuous family of complex structures
whose universal coverings are not Stein (as noted in the paper, this construction is actually due to Kodaira). Therefore, in
order to show that there exist non-left-invariant complex structures on a six-dimensional solvmanifold, it is suﬃcient to
show that all the left-invariant complex structures on G are biholomorphic to C3 (see Theorem 3). Note that this result
implies that neither complex-homogeneity nor left-invariance of complex structure is preserved under small deformations.
We have some conjectures relating to small deformations and left-invariant complex structures on solvmanifolds.
Conjecture. (i) All the left-invariant complex structures on even-dimensional simply connected unimodular solvable Lie groups
(nilpotent Lie groups) are Stein (biholomorphic to Cn respectively). (ii) Small deformations of left-invariant complex structures on
even-dimensional nilmanifolds are all left-invariant.
It should be noted that a symmetric bounded domain (which is Stein) can be realized as a left-invariant complex struc-
ture on a simply connected non-unimodular solvable Lie group, and that small deformations of a complex torus are all
left-invariant. We know that the conjectures (i) and (ii) hold for dimension 4 (see [3,7]), and for all left-invariant complex
structures and their small deformations on nilpotent Lie groups of dimension 6 [8]. Remark also that the conjecture (i)
implies in particular that the above example of non-left-invariant complex structures on a six-dimensional solvmanifold M
are not left-invariant with respect to any other possible solvmanifold structure on M .
In the paper [6] Nakamura has classiﬁed three-dimensional complex solvmanifolds M into four classes: (1) abelian type
with h1 = 3, (2) nilpotent type with h1 = 2, (3a) non-nilpotent type with h1 = 1, and (3b) non-nilpotent type with h1 = 3,
where h1 = dim H1(M,O). In Section 3, determining all lattices of three-dimensional unimodular complex solvable Lie
groups we will complete the classiﬁcation of three-dimensional complex solvmanifolds.
In the paper [13] Yamada gave the ﬁrst example of a complex solvmanifold which admits a pseudo-Kähler structure. In
Section 4 we will show that a three-dimensional complex solvmanifold admits a pseudo-Kähler structure if and only if it is
of type (1) or (3b) (see Theorem 2).
2. Preliminaries
We brieﬂy review some basic results on left-invariant complex structures on Lie groups. For the details we refer to the
paper [9].
Let G be a connected, simply connected Lie group of dimension 2m, and g the Lie algebra of G . We consider a left-
invariant almost complex structure J on G as a linear automorphism of g, that is, J ∈ GL(g,R) such that J2 = −I . As is well
known J is integrable (that is, it deﬁnes a left-invariant complex structure on G) if and only if the Nijenhuis tensor N J on g
vanishes identically, where N J is deﬁned by
N J (X, Y ) = [ J X, J Y ] − J [ J X, Y ] − J [X, J Y ] − [X, Y ],
for X, Y ∈ g.
Let gC = g ⊗ C be the complexiﬁcation of g. We will reformulate the integrability condition of J in terms of complex
subalgebras of gC . For an almost complex structure J on g, let h J be the complex subspace of gC = g⊕
√−1g generated by
X + √−1 J X, X ∈ g, that is,
h J = {X +
√−1 J X | X ∈ g}C.
Then, we see that J is integrable if and only if h J is a complex Lie subalgebra of gC such that gC = h J ⊕ h J . On the other
hand, we have the following lemma.
Lemma 1. Let V be a real vector space of dimension 2m. Then, for a complex subspace W of V ⊗ C such that V ⊗ C = W ⊕ W , there
is a unique JW ∈ GL(V ,R), J2W = −I such that
W = {X + √−1 JW X | X ∈ V }C.
It follows from this lemma and the above argument that there exists one-to-one correspondence between complex
(integrable almost complex) structures on g and complex Lie subalgebras h such that gC = h ⊕ h. The correspondence is
given by J → h J and h → Jh .
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subgroup H J of GC corresponding to h J is closed, simply connected, and H J\GC is biholomorphic to Cm . The canonical
inclusion g ↪→ gC induces an inclusion G ↪→ GC , and Γ = G ∩ H J is a discrete subgroup of G . We have the following
canonical map g = i ◦ π :
G
π
Γ \G i H J\GC
where π is a covering map, and i is an inclusion. We can see that Im g is an open subset U of Cm , and the complex
structure J on G is the one induced from U ⊂ Cm by g . It should be noted that if G is a connected, simply connected
complex solvable Lie group, we have Γ = G ∩ H J = {1}, and g is a biholomorphic map onto Cm .
3. Three-dimensional unimodular complex solvable Lie groups
A classiﬁcation of compact complex solvmanifolds of dimension 3 was obtained by Nakamura [6]. In this section, we
complete the classiﬁcation, determining all lattices of simply connected unimodular solvable Lie groups.
A complex solvmanifold can be written as Γ \G , where G is a simply connected, unimodular complex solvable Lie group
and Γ is a lattice (uniform discrete subgroup) of G [1]. In particular, the Lie algebra g of G must be unimodular; that is,
the trace of ad(X) is 0 for every X of g. It is easy to classify all unimodular complex solvable Lie algebras of dimension 3.
They are divided into three classes: (1) abelian type, (2) nilpotent type, (3) non-nilpotent type.
In the following list, we express the solvable Lie algebra g as having a basis {X, Y , Z} with the bracket multiplication
speciﬁed for each type:
(1) Abelian type:
[X, Y ] = [Y , Z ] = [X, Z ] = 0.
(2) Nilpotent type:
[X, Y ] = Z , [X, Z ] = [Y , Z ] = 0.
(3) Non-nilpotent type:
[X, Y ] = −Y , [X, Z ] = Z , [Y , Z ] = 0.
For each of their corresponding simply connected solvable Lie groups G , we will determine all lattices Γ :
(1) Abelian type: G = C3.
A lattice Γ of G is generated by a basis of C3 as a vector space over R, and Γ \G is a complex torus.
(2) Nilpotent type: G = C2  C with the action φ deﬁned by
φ(x)(y, z) = (y, z + xy),
or in the matrix form,
G =
⎧⎨
⎩
⎛
⎝
1 x z
0 1 y
0 0 1
⎞
⎠ ∣∣∣ x, y, z ∈ C
⎫⎬
⎭ .
A lattice Γ of G can be written as
Γ = Λ,
where  is a lattice of C2 and Λ is a lattice of C. Since an automorphism f ∈ Aut(C) deﬁned by f (x) = αx, α 
= 0 can be
extended to an automorphism F ∈ Aut(G) deﬁned by F (x, y, z) = (αx,α−1 y, z), we can assume that Λ is generated by 1
and λ (λ /∈ R) over Z. Since  is preserved by φ(1) and φ(λ), we see that  is generated by (α1, β1), (α2, β2), (0,α1), (0,α2)
over Z, where β1 and β2 are arbitrary complex numbers, and α1 and α2 are linearly independent over R such that (α1,α2)
is an eigenvector of some A ∈ GL(2,Z) with the eigenvalue λ. Conversely, for any A ∈ GL(2,Z) with non-real eigenvalue λ,
we can deﬁne a lattice Γ of G .
Example 1. A standard lattice Γ of G with x, y, z ∈ Z[√−1] is obtained by putting λ = √−1, α1 = α2 = 0, β1 = 1, β2 =
√−1,
and Γ \G is an Iwasawa manifold.
(3) Non-nilpotent type: G = C2  C with the action φ deﬁned by
φ(x)(y, z) = (ex y, e−xz),
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G =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
⎛
⎜⎜⎜⎝
ex 0 0 y
0 e−x 0 z
0 0 1 x
0 0 0 1
⎞
⎟⎟⎟⎠
∣∣∣ x, y, z ∈ C
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
.
A lattice Γ of G can be written as Γ = Λ, where  is a lattice of C2, and Λ is a lattice of C which is generated by
λ and μ over Z. Since  is preserved by φ(λ) and φ(μ), we see that  is generated by (αi, βi), i = 1,2,3,4, over Z such
that
γ −1αi =
4∑
j=1
aijα j, γ βi =
4∑
j=1
aijβ j,
δ−1αi =
4∑
j=1
bijα j, δβi =
4∑
j=1
bijβ j,
where γ = eλ , δ = eμ , and A = (aij), B = (bij) ∈ SL(4,Z) are semi-simple and mutually commuting. Note that φ(λ) and φ(μ)
are invertible and preserve the orientation. In other word, we have simultaneous eigenvectors α = (α1,α2,α3,α4), β =
(β1, β2, β3, β4) ∈ C4 of A and B with eigenvalues γ −1, γ and δ−1, δ respectively. Conversely, for any mutually commut-
ing, semi-simple matrices A, B ∈ SL(4,Z) with eigenvalues γ −1, γ and δ−1, δ respectively, take simultaneous eigenvectors
α,β ∈ C4 of A and B . Then, (αi, βi), i = 1,2,3,4, are linearly independent over R, deﬁning a lattice of  preserved by φ(λ)
and φ(μ) (λ = logγ , μ = log δ). And thus we have determined all lattices of G .
Remark 1. Since λ and μ are linearly independent over R, we have either |γ | 
= 1 or |δ| 
= 1. And if, for instance, |γ | 
= 1 and
γ /∈ R, then A has four distinct eigenvalues γ −1, γ ,γ −1, γ . For the case where both A and B have real eigenvalues γ −1, γ
and δ−1, δ respectively, take simultaneous non-real eigenvectors α,β ∈ C4 for them; then we see that (αi, βi), i = 1,2,3,4,
are linearly independent over R, deﬁning a lattice  of C2 preserved by φ(λ) and φ(μ).
Example 2. Take A ∈ SL(4,Z) with four non-real eigenvalues γ , γ −1, γ , γ −1; for instance,
A =
⎛
⎜⎜⎜⎝
0 1 0 0
0 0 1 0
0 0 0 1
−1 1 −3 1
⎞
⎟⎟⎟⎠ ,
with the characteristic polynomial given by
det(t I − B) = t4 − t3 + 3t2 − t + 1.
For the lattice Λ of C generated by λ = logγ and μ = kπ√−1 (k ∈ Z), and the lattice  of C2 generated by (αi, βi),
i = 1,2,3,4, we can deﬁne a lattice Γ = Λ of G , where (α1,α2,α3,α4), (β1, β2, β3, β4) ∈ C4 are eigenvectors of A with
eigenvalue γ ,γ −1.
Example 3. (See [6].) Take A ∈ SL(2,Z) with two real eigenvalues γ −1, γ , γ 
= ±1, and their real eigenvectors
(a1,a2), (b1,b2) ∈ R2. Then, for any  /∈ R (e.g.  =
√−1), (a1,a2,a1,a2) and (b1,b2,b1,b2) are non-real eigenvec-
tors for A⊕ A ∈ SL(4,Z) with eigenvalues γ −1, γ . For the lattice Λ of C generated by λ (λ = logγ ) and μ = kπ√−1 (k ∈ Z),
and the lattice  of C2 generated by (a1,b1), (a2,b2), (a1,b1), (a2,b2), we deﬁne a lattice Γ = Λ of G .
Let M = Γ \G be a three-dimensional complex solvmanifold, where G is a simply connected solvable Lie group with
lattice Γ . Then, since G is linear algebraic, applying a fundamental theorem of Winkelmann [12], we have
dim H1(M,O) = dim H1(g,C) + dimW ,
where O denotes the structure sheaf of M , n the nilradical of g, and W the maximal linear subspace of [g,g]/[n,n] such
that Ad(ξ) on W is a real semi-simple linear endomorphism for any ξ ∈ Γ . Note that dim H1(g,C) = dimg − dim[g,g], and
Ad(ξ)|W is diagonalizable over R.
We can determine h1 = dim H1(M,O) completely from Winkelmann’s formula above and our classiﬁcation of three-
dimensional complex solvmanifolds (cf. [6]):
(1) Abelian type: dimW = 0, h1 = 3;
(2) Nilpotent type: dimW = 0, h1 = 2;
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(3b) Non-nilpotent type with γ , δ ∈ R: dimW = 2, h1 = 3.
We see that complex solvmanifolds in Example 2 are of type (3a), and those in Example 3 are of type (3b).
Remark 2. An example of type (3a) in Nakamura’s paper [6] is not properly constructed: For an algebraic integer α satisfying
α2 + 5α + 7 = 0 and an elliptic curve E with fundamental periods {1,α}, he deﬁnes a group of analytic automorphisms H
of C× E × E generated by σ1 : (z1, z2, z3) → (z1 + 2π i, z2, z3), and σ2 : (z1, z2, z3) → (z1 + β, (−α − 2)z2, (α + 3)z3), where
β = logα; and asserts that M = C × E × E/H provides an example of type (3a). However, since H contains an abelian
subgroup Z2 of ﬁnite index generated by σ1 and σ 32 , M is clearly a ﬁnite quotient of a complex torus, which is Kählerian,
contradicting the well-known fact that the only compact complex paralellizable Kähler manifold is a complex torus (it
actually deﬁnes a compact solvmanifold of different type with left-invariant complex structure).
4. Pseudo-Kähler structures on complex solvmanifolds
We recall the deﬁnition of pseudo-Kähler structure. Let M be a symplectic manifold with symplectic form ω. If M admits
a complex structure J such that ω( J X, J Y ) = ω(X, Y ) for any vector ﬁelds X, Y on M , we call (ω, J ) a pseudo-Kähler
structure on M . For a pseudo-Kähler structure (ω, J ), we have a pseudo-Riemannian structure g deﬁned by g(X, Y ) =
ω(X, J Y ); if, in addition, g is Riemannian (i.e. positive deﬁnite), then we call (ω, J ) a Kähler structure on M . Equivalently,
a pseudo-Kähler (Kähler) structure is nothing but a pseudo-Hermitian (Hermitian) structure with its closed fundamental
form ω.
Theorem 2. A three-dimensional complex solvmanifold admits a pseudo-Kähler structure if and only if it is of type (1), or of type (3b).
Proof. It is known (due to Yamada [13]) that a complex solvmanifold of dimension n with pseudo-Kähler structure must
have h1  n (actually the equality holds here); in particular, a complex solvmanifold of nilpotent type or non-nilpotent type
with either γ or δ /∈ R admits no pseudo-Kähler structures. Therefore, in order to prove the theorem, it is suﬃcient to show
that a complex solvmanifold Γ \G of non-nilpotent type with γ , δ ∈ R admits a pseudo-Kähler structure. In Section 3, we
observed that we have γ , δ ∈ R if and only if Λ is generated by λ = a+kπ√−1, μ = b+ lπ√−1, where a,b ∈ R and k, l ∈ Z.
We can construct a pseudo-Kähler structure ω on Γ \G , as in the paper [13], in the following:
ω = √−1dx∧ dx+ dy ∧ dz + dy ∧ dz,
or using Maurer–Cartan forms (left-invariant 1-forms) ω1,ω2,ω3, on G ,
ω = √−1ω1 ∧ ω1 + e−2 Im(x)
√−1ω2 ∧ ω3 + e2 Im(x)
√−1ω2 ∧ ω3,
where ω1 = dx, ω2 = ex dy, ω3 = e−x dz. 
Remark 3. We know [10,4] that a complex solvmanifold admits Kähler structures if and only if it is a complex torus. On the
other hand, we know [2] that a complex solvmanifold admits homogeneous (invariant) pseudo-Kähler structures if and only
if it is a complex torus. Therefore, a complex solvmanifold, except a complex torus, admits neither Kähler nor homogeneous
pseudo-Kähler structures.
Remark 4. In the paper [14] Yamada showed, applying Winkelmann’s formula, that a homogeneous complex pseudo-Kähler
solvmanifold has the structure of complex torus bundle over a complex torus.
5. Left-invariant complex structures on complex solvmanifolds
Let G denote a complex solvable Lie group of non-nilpotent type (as deﬁned in Section 3), and g its Lie algebra. Recall
that g has a basis X, Y , Z over C with bracket multiplication deﬁned by
[X, Y ] = −Y , [X, Z ] = Z , [Y , Z ] = 0. (1)
Let gR denote the real Lie algebra underlying g. Then, gR has a basis X, X ′, Y , Y ′, Z , Z ′ over R with bracket multiplication
deﬁned by
[X, Y ] = −Y , [X, Y ′]= −Y ′, [X, Z ] = Z , [X, Z ′]= Z ′, (2a)[
X ′, Y
]= −Y ′, [X ′, Y ′]= Y , [X ′, Z]= Z ′, [X ′, Z ′]= −Z , (2b)
and all other brackets are 0.
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gC = gR ⊕
√−1gR.
We have the following split short exact sequence:
0 −→ a i−→ gC r−→ b −→ 0,
where a = [gC,gC], and b is the Lie subalgebra of gC generated by X, X ′ over C.
We now suppose that g has a left-invariant complex structure J with its associated complex subalgebra h of gC such
that gC = h ⊕ h. Then, q = r(h) has the dimension 1 or 2, and k = ker(r|h) has the dimension 2 or 1 accordingly. But the
second case is not possible, since the adjoint action of b on a has no invariant subspace of dimension 1. Therefore, we have
the following split short exact sequence:
0 −→ k i−→ h r−→ q −→ 0,
where dim k = 2, dimq = 1, and a = k ⊕ k, b = q ⊕ q. We can further assume that q is generated by U + √−1U ′ over C, and
k is generated by V + √−1V ′,W + √−1W ′ over C such that
(
U ,U ′
)= (X, X ′)Q , (V , V ′,W ,W ′)= (Y , Y ′, Z , Z ′)P , (3)
for some Q = (qij) ∈ GL(2,R) and P = (pkl) ∈ GL(4,R). And since h is a subalgebra of gC , the following condition must be
satisﬁed:
[
U + √−1U ′, V + √−1V ′]= 2α(V + √−1V ′)+ 2β(W + √−1W ′), (4a)[
U + √−1U ′,W + √−1W ′]= 2γ (V + √−1V ′)+ 2δ(W + √−1W ′), (4b)
for some α,β,γ , δ ∈ C.
Remark that for the case Q = I ∈ GL(2,R) and P = I ∈ GL(4,R), we have
[
X + √−1X ′, Y + √−1Y ′]= −2(Y + √−1Y ′),[
X + √−1X ′, Z + √−1Z ′]= 2(Z + √−1Z ′),
which deﬁnes the original complex structure J0 on G (as a complex Lie group) with its associated complex subalgebra h0
generated by X + √−1X ′ , Y + √−1Y ′ , Z + √−1Z ′ over C.
Lemma 2. Let A = ( α β
γ δ
) ∈ GL(2,C), which satisﬁes the above equations (4a), (4b). Then, for q and k to be Lie subalgebras of gC ,
A must be conjugate over R to 12η
(−1 0
0 1
)
with η = (q11 + q22) + (q12 − q21)
√−1 
= 0.
Proof. For simplicity, we divide the proof into three steps.
Step 1. P = I and Q = (qij) ∈ GL(2,R), satisfying Eqs. (4a), (4b).
By calculation, we get
[
U + √−1U ′, Y + √−1Y ′]= −η(Y + √−1Y ′),[
U + √−1U ′, Z + √−1Z ′]= η(Z + √−1Z ′).
Hence, we have α = − 12η, β = γ = 0 and δ = 12η.
Step 2. Q = I and P = (pkl) ∈ GL(4,R), satisfying Eqs. (4a), (4b).
First, we deﬁne a linear automorphism T ∈ Aut(k) by
T
(
V , V ′,W ,W ′
)= (V , V ′,W ,W ′)
(
J O
O J
)
,
where J = ( 0 1−1 0
)
, and a linear endomorphism S X X ′ ∈ End(k) by
S X X ′ = 1
(
ad X + ad X ′ ◦ T ).2
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S X X ′
(
Y , Y ′, Z , Z ′
)= (Y , Y ′, Z , Z ′)
(−I O
O I
)
, (5)
and since h is a subalgebra of gC , the following equation must be also satisﬁed:
S X X ′
(
V , V ′,W ,W ′
)= (V , V ′,W ,W ′)
(
α I β I
β I δ I
)
, (6)
where I ∈ GL(2,C). Recall that we have deﬁned P ∈ GL(4,R) as
(
V , V ′,W ,W ′
)= (Y , Y ′, Z , Z ′)P . (7)
Hence, from Eqs. (1), (2), (3), we get the equation:
(−I O
O I
)
P = P
(
α I β I
β I δ I
)
.
It follows, by simple linear algebra, that A is conjugate over R to
(−1 0
0 1
)
.
Step 3. The general case for P = (pkl) ∈ GL(4,R), Q = (qij) ∈ GL(2,R), satisfying Eqs. (4a), (4b).
Following the arguments in Steps 1 and 2, for any Q ∈ GL(2,R) and P ∈ GL(4,R), we see by calculation that Q is
symmetric, and A = ( α β
γ δ
) ∈ GL(2,C) is conjugate over R to 12η(−1 00 1
)
.
This completes the proof of Lemma 2. 
We see, from Lemma 2, that there exists a complex automorphism of Lie algebras Φ : gC → gC such that Φ ◦ τ0 = τ ◦ Φ
and Φ(h0) = h, where τ and τ0 are the conjugations with respect to J and J0 respectively. In fact, we have an equivalence
of short exact sequences
0 k0
i
k
h0
r
h
q0
q
0
0 k
i h r q 0
satisfying ad(q(u)) ◦ k = k ◦ ad(u) (u = U + √−1U ′), which extends to a complex automorphism of Lie algebras Φ : gC → gC
such that Φ ◦ τ0 = τ ◦ Φ and Φ(h0) = h. To be more precise, for K ∈ GL(2,R) such that
K−1AK = 1
2
η
(−1 0
0 1
)
,
k is a linear map deﬁned by K , and q is a scalar multiplication by 2η−1.
For the original complex solvable Lie group (G, J0) with its associated complex subalgebra h0, the complex subgroup H0
of GC corresponding to h0 is closed, simply connected and H0\GC is biholomorphic to C3. We have Γ = G ∩ H0 = {1}, and
the canonical map g0 = q0 ◦ i
(G, J0)
i GC
q0 H0\GC
is a biholomorphic map. The complex automorphism of Lie algebras Φ induces a complex automorphism of Lie groups
Ψ :GC → GC such that q ◦ Ψ = Ψ˜ ◦ q0, which send H0 to H biholomorphically.
(G, J0)
i GC
q0
Ψ
H0\GC
Ψ˜
(G, J ) i GC
q
H\GC
Hence, the canonical map g = q ◦ i is also a biholomorphic map. We have thus shown
Proposition 1. Let G be a three-dimensional simply connected complex solvable Lie group of non-nilpotent type. Then, any left-
invariant complex structure on G is biholomorphic to C3 .
K. Hasegawa / Differential Geometry and its Applications 28 (2010) 220–227 227We can also show that any left-invariant complex structures on three-dimensional complex solvable Lie groups of abelian
type or nilpotent type are biholomorphic to C3. The proof is almost the same as for the case of non-nilpotent type in
Theorem 3. We have thus shown
Theorem3. Any left-invariant complex structure on a three-dimensional simply connected complex solvable Lie group is biholomorphic
to C3 .
We know (due to Kodaira) that among small deformations of a three-dimensional complex solvmanifold of type (3b)
there exists a continuous family of complex structures whose universal coverings are not Stein. We have thus obtained
Theorem 4. There exists a continuous family of non-left-invariant complex structures on a three-dimensional complex solvmanifold of
type (3b).
Remark 5. Let M = Γ \G be an Iwasawa manifold, a three-dimensional complex nilmanifold (complex solvmanifold of
type (2)), where Γ is a lattice of a simply connected nilpotent Lie group G . It is known [6,8] that the moduli space of
all left-invariant complex structures on an Iwasawa manifold has the dimension 6, while small deformations (Kuranishi
space) of the Iwasawa manifold also has the dimension 6; and all of their universal coverings are biholomorphic to C3. It
follows that small deformations of the Iwasawa manifold are all left-invariant.
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